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ABSTRACT

The small sample performance of least median of squares, reweighted least squares,
least squares, least absolute deviations, and three partially adaptive estimators are
compared using Monte Carlo simulations. Two data problems are addressed in the
paper: (1) data generated from non-normal error distributions and (2} contaminated
data. Breakdown plots are used to investigate the sensitivity of partially adaptive
estimators to data contamination relative to RLS. One partially adaptive estimator
performs especially well when the errors are skewed, while another partially adaptive
estimator and RLS perform particularly well when the errors are extremely leptokur-
totic. In comparison with RLS, partially adaptive estimators are only moderately
effective in resisting data contamination; however, they outperform least squares and
least absolute deviation estimators.
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1. INTRODUCTION

Regression analysis is a technique routinely used by researchers in many disciplines to fit
mathematical models to observed data. The traditional estimation technique of least squares
is efficient if the error terms are independent of the regressors and are identically and
independently distributed (i.i.d.) as a normal. Otherwise, least squares need not be efficient,
While the unobserved random disturbances in a regression model are often assumed to be
normally distributed, real data are often replete with outliers which lie far from the pattern
established by a majority of the data. Given that correct mode! assumptions have been made,
outliers are generally the result of either mistakes in measuring and recording the data (data
contamination) or data generating processes that are truly leptokurtotic or asymmetric.
Hampel et al. (1986) review numerous studies that examine data for outliers caused by human
or mechanical error and conclude that empirical data typically contains 1-10% gross
inaccuracies. Ideally, such contaminated observations should be identified and corrected
or discarded. However, outlier diagnostics often fail to properly identify such observations.
On the other hand, many outliers are generated by genuinely thick tailed or asymmetric error
distributions. For instance, the leptokurtotic nature of financial data is well documented (see
Bollersiev etal., 1994 for a list of references). In this case, discarding outliers is inappropriate
since they are representative of the true data generating process.

Rousseeuw’s (1984) least median of squares (LMS) is a robust estimator that
effectively identifies outliers. Outlying observations lie far from an LMS fit to the data,
and hence, exhibit large standardized residuals. A weighted version of LMS, known as
reweighted least squares (RLS), amounts to discarding all outliers and performing least
squares on the remaining data, Alternatively, partially adaptive estimators (McDonald and
Newey, 1988) are based on an underlying error distribution consistent with the entire
sample. A general, nesting error distribution is assumed to approximate the undertying
distribution and is used to obtain the regression estimates, Thus, RLS treats outliers as if
they were the result of data contamination while partially adaptive estimators assume that
outliers are the result of non-normal data generating processes.

In this paper, we compare the sensitivity of LMS, RLS, and partially adaptive
estimators to both data contamination and outliers generated by non-normal error
distributions. While there are several potential estimators we could have examined, we
limited our attention to these estimators since these two classes of estimators are known to
exhibit very different robust propertics. Comparisons with other estimators are left for
further research. First, the estimators are formally presented, and their robust properties
discussed. We then use Monte Carlo methods to compare the small sample performance of
LMS, RLS, and partiaily adaptive estimators to: (a} data contamination and (b) non-normal
error distributions. Breakdown plots (Rousseeuw and Leroy, 1987) are employed in the
analysis of the influence of data contamination. Two other estimators, least squares (OLS),
and least absolute deviations (LAD), are also investigated as comparative benchmarks.

2. THE MODEL AND ESTIMATORS
The model we consider is a regression model of the form

=g txfotu (=10 (N
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where y is a dependent variable, x is a 1 x & vector of regressors, # is an error term which is
independent of the regressors, and fiy denotes a & x | vector of unknown coefficients.
Assuming that x has a nonsingular variance matrix, § will be identified if « and x are
independent. In that case; xf is an additive shifter for the conditional distribution of y
given x. An additional assumption is needed to identify the constant «. For example, if
E(u) =0 then o+ xf is the conditional mean of y given x or if med(y) =0 then o+ xff is
the conditional median of y given x. Generally, the interpretation of o + xff as a conditional
location measure for y depends on the location restriction for ». Both o and /5 are also
identified if # is symmetrically distributed around 0 conditional on x. In that case o -+ xf is
both the conditional mean and the conditional median, as well as being equal to other
conditional location measures.

Both z and f are also identified under a conditional location restriction, which is a
weaker restriction than independence or conditional symmetry. For example, if # has
conditional mean zero then x +xf is the conditional mean of y given x, while if the
conditional median of u is zero then 2 + xf is the conditional median of y given x. We do
not consider these weaker types of restrictions here. The reason for this is that associated
with each conditional focation restriction is a conditional moment restriction E[p(u)x] =0
for some p(u) on which an estimator can be based. For example, med(u|x) = 0 corresponds
to E[sgn{i)jx] = 0, which leads to LAD, while £[u|x] =0 corresponds to OLS. Hence, we
are interested in cases where u satisfies many conditional location restrictions, so that
many alternative estimators are available.

This paper also considers the effects of outliers that do not satisfy this model, in the
discussion of robustness and in the Monte Carlo results. The Monte Carlo simulations
consider generalized autoregressive conditional heteroskedastic (GARCH) errors in
addition to the i.i.d. data case for purposes of comparison.

2.1. Partially Adaptive Estimators

One type of estimators we consider are quasi (or pseudo) maximum likelihood
estimators, each of which solves the following optimization problem:

G, B 5) = argmax_ ;Y Inf(y— %~ x;8,7) (2)
i=1

where f{u,7) is a probability distribution function (pdf) with mean zero indexed by 7,
a vector of distributional parameters. The least squares and LAD estimators are examples
of this, as they can be obtained by taking the normal and Laplace distribution for the error
distribution, respectively.

The normal and Laplace specifications do not allow for asymmetric error distributions
or flexibility in the degree of leptokurtosis. The partially adaptive estimators circumvent this
limitation by employing a more flexible distribution family for the error distribution. These
estimators are constructed by maximizing (2) over both the regression and distributional
parameters. We consider partially adaptive estimators associated with the generalized
¢ distributions (GT) introduced by McDonald and Newey (1988), the power exponential
distributions by Box-Tiao (1962) (BT), and exponential generalized beta distributions of
the second kind (EGB2) proposed by McDonald and Xu (1995).
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The generalized ¢ distribution GT(¢, p, ¢) whose pdf, for(-, 7, p, g), is defined by

Y
At ]t
1/p _ -
2aq B(p,q)[l +qu]

where B(-,-) denotes the beta function. The GT pdf is symmetric about zero. The
parameter ¢ is a scale factor and govemns the variance, while p and ¢ determine the
kurtosis. Larger values of p and g correspond to thinner tails, and smaller values
correspond to thicker tails. The GT distribution includes five other distributions as special
or limiting cases: the Student f, Cauchy, BT, normal, and Laplace distributions. The
Student ¢ and Cauchy distributions correspend to (3) with p=2 and (p, g)=(2, 1/2),
respectively. Further, the pdf of GT(s, p, g) converges in distribution to that of the BT(s, p)
as g — oo with pdf defined by

Jorw, o, p, g} = for —00 < # < 00 (3)

pe_(l_:;l)ﬂ

Jarle, 0, p) = N {4
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The normal and Laplace represent special cases of the BT corresponding to p =2 and
p =1, respectively. Figure | summarizes these interrelationships.

To accommodate potentjal asymmetric probability distributions, McDonald and Xu
(1993) propose the exponential generalized beta distributions of the second kind [EGB2(4,
g, p, g)] with pdf’s defined by

ep(ufé)/o'

Jeaea(u, 6,0, p, q) = oB(p. DL+ e orpri for —o0 <u < oo (5)

Generalized ¢
p=2
9> o=+2a
Box-Tiao Student's ¢ {df = 2q)
Power Exponentlal {non-unitary variance)
p=2 p=1 qo>w q=1/2
o=v2a
Laplace Normal
Double Exponential N(0, af CGauchy

Figure 1. Distribution tree.
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The second, third, and fourth moments about the mean of the EGB2 are flexible. Of the
parameters in (5), § governs the mean,? ¢ is a scale parameter, and p and g determine both
the skewness and kurtosis. The distribution is asymmetric unless p =g. The pdf of fzgr>
converges in distribution to the pdf of the normal as p = ¢ grow indefinitely large.

The relationships between the GT, BT, and EGB2 make it convenient to perform
statistical tests. For example, a test of normality can be performed by testing the hypothesis
p=21n Eq. (4), using a likelihood ratio, Wald, or Lagrange multiplier test. Likewise, a test
of symmetry can be performed by testing the hypothesis p = ¢ in (5).

McDonald and White (1993) investigate the small sample performance of partially
adaptive estimators in comparison with that of LAD, adaptive maximum likelihood
(AML), generalized method of moments (GMM), and two A-estimators suggested by
Huber (1981). The authors’ study closely parallels those of Hsich and Manski (1987) and
Newey (1988). The EGB2 partially adaptive estimator is found to be the most efficient for
nearly all cases with non-normal errors. Further, the efficiency loss from estimating
additional parameters via partially adaptive estimation with normal errors is found to be
quite small, even though the sample size considered s as small as 50.

The performance of LAD is also investigated in this paper to provide some under-
standing of how a traditional robust regression procedure performs in comparison to the
other techniques considered. Least absolute deviations estimation is maximum likelihood
and yields unbiased and asymptotically efficient estimators when the actual data generating
process is based on a Laplace error distribution. These and other statistical properties of
LAD are summarized in Narula and Wellington (1982). Least absolute deviations has
gained some respect in the literature because of its strong resistance to outliers in the
y direction and its ability to efficiently estimate regression models with thick tails (for
example, see Bloomfield and Steiger, 1983; Devrove and Gyorfi, 1984; and Koenker and
Bassett, 1978). He et al. (1990) find LAD to perform very well according to a finite-sample
measure of robustness based on tail behavior. However, LAD is sensitive to leverage
points. As a result, just one outlying observation is sufficient to carry LAD across all
bounds.

2.2, Least Median of Squares and Reweighted Least Squares

In an effort to make the estimators less sensitive to outliers, it has been suggested that
the summation over the observations be replaced by the median in the construction of the
estimators. For least squares this replacement leads to the LMS estimator, that minimizes
the median of the squared residuals, Rousseeuw (1984), Formally, the LMS estimator is

(& B) = argmin , gmed,(y, — x — x,8)" (6)

In essence, LMS determines the linear pattern established by the majority of the data.
Rousseeuw (1984) and Rousseeuw and Leroy (1987) discuss computer algorithms that
calculate the LMS estimate.

7"'The mean of an EGB2 random variable with pdf given by (5) is d + o[y(p) — ¥(q)] where ¥{(s)=
d InT'(s)/ds; thus, 8 is the mean if and only if p =g. The mean is zero if 6 = aif(g) — ¥(p)], thus
three parameters determine the third and fourth moments as well as the scale.
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An alternative estimator that uses LMS for outlier detection but is based on least
squares is the RLS estimator. This estimator is based on appiying least squares to a subset
of the data where the LMS residuals are not too large. Let

fi=y=5exf (=hes)

denote the LMS residuals. The RLS estimator is defined by
(3 B)=argmin, ;) I(H < 2.5)(}».- —a— XY )
i=1

where 7 is an estimator of scale based on the LMS residuals and 1( - ) denotes the indicator
function, The threshold of 2.5 in Eq. (7) is arbitrary, but is probably a reasonable value
because with 2 normal distribution few residuals will be deleted. This estimator was
presented in Rousseeuw and Leroy (1987) and will be considered in our Monte Carlo
work.

3. THEORETICAL PROPERTIES

Theory for the estimators ts helpful for understanding the Monte Carlo results. Two
kinds of properties are important. Asymptotic distribution theory helps to explain the
efficiency results. In particular, the differing convergence rates for some of the estimators
should lead to some of them being more efficient than others. Also, the robusiness
properties of some of the estimators help to explain the Monte Carlo results on breakdown
points. In this section we give a brief account of these properties.

3.1. Asymptotic Distribution Theory

Each of the estimators is known to be consistent under certain conditions. When the
disturbance is independent of the regressors, the sample variance matrix of the regressors
is bounded away from singularity, and other regularity conditions are satisfied, then the
partially adaptive estimators are conststent estimators of the true slope coefficients ffg, as
shown in McDonald and Newey (1988} for the GT distribution, and can be shown for
EGB2 by analogous results. Under independence the estimator of the constant o is not
generally consistent, because GT and EGB2 impose implicit location restrictions on u that
vary with the shape parameters. Thus, the limit of the estimator of the constant term varies
as the shape parameters vary. Also for GT, consistency of slope and intercept estimators
can be shown when the disturbance is distributed symmetrically around zero conditional
on the regressors, The EGB2 estimator need not be consistent under conditional symmetry
{without independence), because the log-likelihood need not be symmetric around zero as
a function of u. Under independence or conditional symmetry the partially adaptive
estimators of the constant & and the distributional parameters 7 will be consistent
estimators of

(-I*, :"*) = arg max 1,}'E[1n.f(.y£ - xiﬁU — %, I?)] (8)
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The consistency of the LMS estimator holds under several conditions, including
independence of the disturbance and regressors, the disturbance being symmetrically
distributed around zero and unimodal, and a nonsingularity condition on the regressors.
For the location parameter case (where x is not present) this result was shown in
Roussecuw and Leroy (1987). For the general regression case this result was shown by
Kim and Pollard (1990). Consistency of RLS can also be shown under similar conditions.

The partially adaptive estimators will be reot-n consistent. Due to the boundary
restrictions on the distributional parameters (among which the intercept is essentially
a location parameter) the asymptotic distribution of the intercept is quite complicated. For
that reason we will focus on the slope coefficients. Let s(u)=d1nf(u,y,}/du and
§'(1) = ds(u)/du. Then we have

b=t 3T 0,00, ©
=1

where z=(3, x) and ‘¥(z) takes the following form, with «f = u, + o4 — 2,,

P(z) = (ELs )]} [var(e)] ™ ~ ElxDs(y — o, = xfo). (10)

It follows that the partially adaptive estimators are root-s consistent and asymptotically
normal with asymptotic variance equal to var['F(z)].

The LMS will also have a limiting distribution but converges at a slower rate than the
partially adaptive estimators. Specifically, as shown by Kim and Pollard (1990), when the
disturbance is independent of the regressors, symmetrically distributed around zero, and
additional reguiarity conditions are satisfied, then there is a random vector W such that

B — o) = W, (i

The nature of W is quite complicated, so we omit a full description. The RLS estimator
behaves very similarly to the LMS estimator. In Appendix A we give a result showing that
for the pdf f{u) and cumulative distribution function F{u) of the disturbance, and for the
limit yo of %,

5v0.0(2.570)

f=ho= 2F(2.57,) — |

(B — By) + 0,(n™ ). (12)

Thus, the RLS estimator will also converge at a cube root rate, and its asymptotic
distribution is a rescaling of that of LMS. In many cases the scaling constant will be quite
small, suggesting that RLS will be much more efficient than LMS. For example, in the
case of a normal distribution where 7 is the standard deviation, the scaling constant is 0.11,
so that the asymptotic dispersion of the RLS estimator is only about 1/9 of the LMS
estimator.

The slower rate of convergence for LMS and RLS means that for large enough sample
sizes the distribution of these estimators will be more “spread out” than the distribution of
the partially adaptive estimators. In this sense LMS and RLS are asymptotically less
efficient, in small samples though their dispersion need not exceed that of the partially
adaptive estimators, even for the asymptotic approximation. For example, if the dispersion
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of W is less than that of the normal distribution then for small enough samples the
asymptotic approximation could give smaller dispersion for the LMS and/or RLS
estimators. Of course the small sample properties of the estimators may not be well
approximated by the asymptotic distribution.

3.2. Robustness

Robustness properties quantify how sensitive the estimators are to certain kinds of
misspecification in the regression modei of Eq. (1). In particular, robustness concerns
sensitivity to a proportion of the data being equal to some arbitrary point (often thought of
as an “outlier”). We consider two different properties, the influence function and the
breakdown point of the estimator. The influence function of an estimator is the derivative
of the limit of the estimator with respect to a change in a single observation, Hampel
(1974). To be precise, suppose that the probability [imit of the estimator is 7{) when F is
the distribution of a single observation. Let A{z) denote the distribution that puts
probability one on z. The influence function of the estimator is then

W) = i,y T 0Fy +);1A(z)1 ~ I(Fy) -

where £ denotes the true distribution and it is assumed that convex combinations with
A(z) are included in the domain of 7{F). When the estimator also satisfies Eq. (9) the two
forms of the influence function generally coincide with the P(z) of Eq. (13), giving it
another interpretation, as the effect of a single observation on the estimator in large
samples. Indeed, in the modern literature on semiparametric estimation (see Bickel et al.,
1993) Eq. (13) is sometimes used as the definition of the influence function.

From Eq. (10), we see that the influence functions of the partially adaptive estimators
are linear in the regressors but nonlinear in the disturbance u. Butler et al. (1990} show that
the s(u) for GT is a smooth function that descends to zero as the residual grows in
magnitude. Thus, these estimators should not be very sensitive to outliers in the values of y
(or u), although they may be to outliers in x. The influence function of LMS and RLS does
not exist, essentially because they do not have a representation as in Eq. (9). However, it is
possible to get some understanding of the influence of a single observation on LMS by
plotting stylized sensitivity curves as in Rousseeuw and Leroy (1987). Also, they do have
another robustness property, a large breakdown point.

The second robustness property we consider is the breakdown point, Roussecuw
{1984). In comparison with the influence function, the breakdown point is a more global
measure of robustness. To describe it we follow Rousseeuw and Leroy (1987), Let
Z=(zy,..., z,) denote the data and S(Z) an estimator. Let Z* denote a “corrupted” sample
obtained by replacing any m of the original data points by arbitrary values. Rousseeuw and
Leroy (1987) define

bias(m; S, Z) = sup z»|S(Z*) — S(Z). (14)

The right-hand side of Eq. (14) is not a bias in the sense of involving an expected value, but it does
provide an indication of how far contamination can take an estimator from the uncontaminated value.
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with the breakdown point then being defined as
a(l, 2y = mm[—; bias(m; §, Z) is 1nﬁn1te]. (15)
1

The breakdown point, £{7, Z), is the minimum fraction of outlying observations, m/n,
that can cause T to become infinitely biased. The breakdown point of OLS is 1/n, or
rather, one outlying observation is sufficient to carry the least squares estimate over all
bounds. Since the least squares breakdown point approaches zero as # grows indefinitely
large, least squares is said to have a breakdown point of 0%. For further discussion of the
breakdown point of least squares and other statistical estimators the reader is referred to
Hampel et al. (1986).

Rousseeuw (1984) proves the breakdown point of LMS to be 50%. This implies it is
impossible for any fraction of outliers less than 50% to have a boundless impact on the LMS
estimate, no matter how distant they are from the true regression plane, As shown by Donoho
and Huber (1983), LMS obtains the maximum finite sample breakdown point. Intuitively, if
more than 50% of the data are outliers, it is impossible to distinguish them from “good”
observations. In exploring the attributes of a number of robust estimators, Rouseeuw et al.
(2001) demonstrate the breakdown point of RLS is 50%. Since the breakdown points have
yet to be derived for partially adaptive estimators, this paper represents an initial attempt to
understand the breakdown properties of these estimators. This is done by constructing
breakdown plots and comparing the relative ability of these estimators to resist the influence
of several “outliers” grouped together. While a complete understanding of breakdown
properties would include an analytical derivation of the breakdown point, this is beyond the
scope of this paper, and we leave this for further research.

Because of its high breakdown point, LMS is very effective in exposing outliers.
Outliers are far from an LMS fit to the data, and hence, exhibit large residuals.
In comparison, many other outlicr diagnostics, based on OLS residuals, often mask
outliers and/or are difficult to use. Cook’ squared distance (Cook, 1977), amounts to
examining the change in the OLS estimate after deleting one or more observations from
the sample. As Rousseeuw and Leroy (1987) point out, the proper subset of observations
to delete is not always obvious and with large data sets the computations involved in
considering all possible subsets become impractical. Rousseeuw and van Zomeren (1990)
also find that LMS is more robust in exposing masked outliers in multiple linear regression
models than the classical method of computing Mahalanobis distances. In addition
Chatterjee and Jacques (1994) demonstrate that LMS is more robust in exposing outliers
than QLS when estimating Sharpe’s (1964) market model.

4. METHODS AND RESULTS
4.1, Non-normal Data Generating Processes

Comparisons of small sample performance are based on Monte Carlo simulations. To
provide the basis for some further comparisons with results obtained by other authors, the
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data generating process used by Hsieh and Manski (1987), McDonald and White (1993),
and Newey (1988) was adopted. The true regression model is

¥ =—10+ 1.0x; + &° (16)

where x is i.1.d. binomial such that P(x;=0)=P(x;=1)=0.5, and the sample size is 50.
Error terms were generated from the standard normal distribution, one leptokurtotic
distribution (Laplace with unit variance), one extremely leptokurtotic distribution
(Cauchy), and a skewed error distribution (transformed lognormal with zero mean and
unit variance). Five hundred replications of random samples of size 50 were generated
from each error distribution along with the given x; to obtain y; in (16). Using OLS, LAD,
three partially adaptive estimation techniques, LMS, and RLS, seven sets of parameter
estimates! were obtained for each sample. For samples with normal, Laplace, and
tognormal distributed errors, efficiency was measured as the root mean square error
{RMSE) of the slope estimator. Since the variance of the Cauchy is not defined, the inter-
quartile ranges (Q3-Q1) are reported as for slope estimators in this case.

The “spread,” RMSE or inter-quartile ranges, of the slope estimators are reported
in Table 1. The least squares and LAD are included in the table to provide a
comparative benchmark of how traditional regression procedures perform. As expected,
OLS maintains the smallest RMSE when the errors are normally distributed, and LAD
maintains the smallest RMSE when the errors are Laplace distributed. However, the
improvement of OLS over EGB2 in the normal case is a mere 4%, and the
improvement of LAD over EGB2 in the Laplace case is only 4%. On the other hand,
EGB2 exhibits a 14% improvement over OLS in the Laplace case, and 17% improve-

Table 1. Spread of alternative slope estimators.

Normal Laplace Cauchy Transformed
(RMSE) (RMSE) Q3-Q1 LN (RMSE)
OLS 0.28 0.28 3.37 0.28
LAD 0.35 0.23 0.61 0.17
Partially adaptive
BT 0.30 0.24 0.65 0.19
GT 0.32 0.25 0.62 0.12
EGB2 0.29 0.24 0.77 0.05
Robust estimators
LMS 0.65 0.40 0.68 0.15
RLS 0.33 0.26 0.63 0.1

°The x; used in this study are the same x; used by McDonald and White (1993). Additional details
about the data generating process can be obtained from the previously cited papers.

9L cast median of squares and RLS were estimated using the algorithm outlined in Rousseeuw and
Leroy (1987). The other estimation was performed using programs based on GQOPT.
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ment over LAD in the normal case, Further, the relative performance of EGB2 in the
case of lognormal errors is impressive: 71% less than that of LAD and 82% less than
that of OLS. Hence, when the true error distribution is unknown, regression via QLS or
LAD may be quite risky in terms of efficiency compared to EGB2. If the true error
distribution is incorrectly assumed to be normal or Laplace, the loss in efficiency can be
quite large.

The RMSE results for OLS and LAD agree very well with the results obtained by
Hsieh and Manski (1987) and Newey (1988).

In comparison with the results obtained by McDonald and White (1993), RLS seems
to perform similarly to the GMM, and outperform AML® in the case of lognormal errors.
In the case of normal errors, however, both AML and GMM appear to be more efficient
than RLS.

The nested relationships between the BT and GT distribution families help explain
many of the results reported in Table 1. For example, since the BT nests the normal and
Laplace distributions and the BT partially adaptive estimator estimates fewer parameters
than the GT, the BT partially adaptive estimator may be expected to be more efficient than
the GT when the true data generating process is based on either a normal or Laplace error
distribution. The results of Table | agree with these expectations. The excellent perfor-
mance of the EGB2 partially adaptive estimator, however, is not as well explained by
nested relationships. Of all the error distributions considered in this paper, the only
distribution nested in the EGB2 is the normal as a limiting case. Further, the EGB2
partially adaptive estimator is required to estimate more parameters than the BT and the
GT. Hence, the low RMSE results for the EGB2 are impressive. In comparison, RLS also
appears to be quite efficient when the errors are extremely leptokurtotic, but does not
perform as well as the EGB2 in the case of normal, moderately leptokurtotic, or skewed
errors.

4.2. Sensitivity to Data Contamination

This section seeks to compare how well partially adaptive estimators resist data
contaminatjon relative to RLS and LMS. The least squares and LAD will aiso be examined
to provide a relative understanding of how conventional regression procedures perform.

Breakdown plots are a convenient method of comparing the effect of data contamina-
tion on regression estimators. The specifications of the breakdown plots created in this
paper follow those used by Rousseeuw and Leroy (1987). One hundred observations were
generated according to the model

y; =2.0 4 1.0x; + (17)

“The adaptive maximum likelihood estimator is based on a normal kernel. The fully iterative version
of the transformed GMM estimators outlined by Newey (1988) was used. The slope RMSE for
GMM is 0.30 and 0.11 for the normal and lognormal error distributions, respectively. The
corresponding results for AML are 0.28 and 0.13.
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where x is distributed uniformly on the interval [1,4], ; is distributed with zero mean and
standard deviation 0.2. The sample’s R* was found to be approximately 0.95. Fifty
“leverage points” were then generated according to a bivariate normal distribution with
mean (7.2), standard deviation 0.5, and p=1{. The sample was then contaminated by
replacing observations drawn at random from the sample with leverage points, The least
squares, LAD, partially adaptive estimation, and RLLS and LMS were used to estimate the
model parameters beiween each step of the contamination process. Up to 55% of the data
was contaminated. Breakdown plots, which map the estimated slope parameter of each
estimator as a function of percent contamination, were then constructed and given in Fig. 2.
The above experiment was repeated with standard deviation of ; equal to 0.85 and R’
approximately (.50. Breakdown plots for this sample are given in Fig. 3.

In Fig. 2, the remarkable abilities of LMS and RLS to resist large proportions of data
contamination are readily apparent. These estimators perform well until 50% of the data
is contaminated. The least squares on the other hand, begins to collapse after only 1%
contamination. In comparison, the partially adaptive estimators do not perform as well as
LMS or RLS, but clearly prove to be much more resistant to the contamination process
than QLS and LAD. Breakdown plots for BT, GT, and EGB2 break sharply at 15%, 10%,
and 1% contamination respectively. While LAD also outperforms OLS, it is important to
note that LAD does not maintain the true slope estimate even for small fractions of data
contamination as well as the partially adaptive estimators. Although LAD does not break
zero until 15% of the data has been contaminated, the estimator is attracted towards the
leverage points very early in the contamination process. Rousseeuw and Leroy (1987) find
that Huber’s M-estimator with Mallows’ weights (Mallows, 1975), and the repeated
median estimator (Siegal, 1982), resist 6%, 30%, and 40% contamination respectively.
In comparison then, RLS appears to be much more effective in resisting data contamina-
tion while the partially adaptive techniques seem to be only moderately effective.

In Fig. 3, which presents breakdown plots gencrated from data with &* approximately
equal to 0.50, the effect of data contamination is more severe. Least median of squares and
RLS sharply break at 30% contamination.” Least median of squares also begins to behave
rather erratically around 13% contamination, increasing well above unity and then
dropping to about 0.76 before collapsing below zero. The least squares ¢stimator behaves
almost exactly as it did in the previous experiment, falling towards the leverage points
very early in the contamination process. Again, the partially adaptive estimators do not
perform well as LMS or RLS, but are shown to outperform OLS. The GT estimator is able
to soundly resist up to 7% contamination. The BT estimator on the other hand, is drawn to
the leverage points early in the contamination process and breaks below zero at 6%
contamination. The EGB2 estimator is also attracted to the contaminated data early on and
breaks below zero at 9% contamination. Apparently, BT and EGB2 are not as effective in
resisting small fractions of data contamination as GT. Again the LAD estimator out
performs OLS, but does not maintain the true slepe estimate even for small fractions of
data contamination as well as any of the partially adaptive estimators.

fHowever, recall that the finite-sample breakdown point of RLS is still 50%. The finite-sample
breakdown point represents the percentage of contamination required to carry the estimator over ail
bounds.
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Figure 2. Breakdown plot with R? approximately equal to 0.95. The x-axis in each figure represents

percent data contam-ination and the y-axis characterizes the estimated regression slope. The true
regression slope is 1.0.

4.3. An Empirically Based Monte Carlo Example with Generalized
Autoregressive Conditional Heteroskedastic Effects

While the simulations discussed in Section 4.1 provide some information about the
relative performance of the estimators, it is of interest to explore similar issues with an
empirically based design.
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percent data contamination and the y-axis characterizes the estimated regression slope. The true
regression slope is 1.0.

We consider a widely used model of excess stock returns

rSo= ot By {18)

where r,° is the excess return over the risk free rate realized on some stock, ry” is the
excess return realized on the market, «, denotes the error term, and « and f are constants.



Partially Adaptive and RLS Estimation 129

Many applications of this model are characterized by GARCH errors which can be

modeled as u, = \/h,v, where v, is i.i.d. with zero mean and 4, evolves according to a
GARCH(1, 1) process

hyo=w+vyu, 2+ A, (19)

where , 7, and 4 are all unknown parameters. Two background papers from the extensive
and growing literature in this area are Bollerslev (1986; 1987).

The model defined by (18) and (19) was simulated using the CRSP monthly valued-
weighted market return over the five year period from January 1997 through December
2001 for a sampie size of 60 observations. Parameter values were arbitrarily set to the
(rounded) estimated values using the monthly excess returns of Bird and Son Inc. obtained
from the CRSP tapes.® The estimated parameter values were w =0.0011, y =0.087, i —
0.85, f= 1.3, and « =0. These estimated values are typical values for GARCH models,

The Capital Asset Pricing Model (CAPM) states that expected excess returns should
be lingar in regression betas,

E_i[rf] = Eilr18- 20

Comparing the model in (2()) and the expectation of the time-series regression in (18), it is
clear that the model has one and only one implication for the data: the regression intercept
should be zero." Therefore, in estimating the regression model given in (18), we arc not
only interested in the estimated slope parameter as a measure of market risk but also the
estimated intercept as a test of the CAPM itself. The CAPM holds in our simulations since
% =0, and the innovation , represents an idiosyncratic or firm-specific shock to the stock
return.

Our assumptions for the distribution of v, include the standard normal, Laplace,
a Student-f with 3 d.f, and lognormal. When necessary, the distributions were shifted to
have zero mean and scaled to have unit variance, The model was simulated 500 times for
each distribution.

Under the GARCH specification given in (19), the unconditional variance of 1, is
given by

42
Bl =

(21)

To understand the impact of ARCH effects on estimator performance, we also simulate the
model with constant A, given by (21).

Table 2 reports the RMSE for the intercept and slope for the case of i.i.d. error terms
as well as the GARCH error terms corresponding to the four error distributions and seven
estitation procedures. The results with and without GARCH effects are similar. In the
case of normally distributed errors OLS is associated with the smallest RMSE and
performs the best. However, the partially adaptive estimators show little efficiency loss
relative to OLS in this case. Reweighted least squares is more efficient than LMS, but less

EThe data are available from the authors.
"This test was first proposed by Rlack et al. {1972).
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than the partially adaptive estimators. For Laplace error terms, the partially adaptive
estimators again show modest efficiency loss relative to LAD. This might be expected for
the BT and GT estimators which “nest” the Laplace distribution; however, this does not
explain the excellent perfermance of the EGB2 estimator. The Student ¢ error distribution
with three degrees of freedom has thick tails, relative to the normal and Laplace distributions
and is a special case of the GT. In several cases, other estimators have the same or even
marginally smaller RMSE than the GT estimator. In the case of the LN error distribution, the
EGB2 has the smallest RMSE for the slope without GARCH effects and ties OLS in the case
of the intercept with and without GARCH effects. The RLS estimator outperforms the
partially adaptive estimators in the presence of GARCH effects with LN errors, A final
observation, RLS consistently dominates L. MS as an estimator for the slope and intercept.

5. SUMMARY AND RECOMMENDATIONS

From the results of this study, it is clear that outlier-resistant (LMS, RLS, and partially
adaptive) estimators can provide much more efficient regression estimates than QLS if the
errors do not follow the familiar normality assumption. The reduction in RMSE from
using outlier-resistant methods over least squares was found to be as great as 8§2%.
Moreover, even when the errors do follow the assumption of normality, the efficiency lost
by using outlier-resistant estimation is small. While RLS does fairly well in estimating
regression models that exhibit both extreme leptokurtosis and skewness, partially adaptive
methods were typically found to be the most efficient outhier-resistant estimators. Further,
OLS has been shown to be very sensitive to data contamination. Hence, OLS residual plots
can be very misleading when trying to detect outlying observations. In comparison, RLS
was shown to be very effective in resisting the attraction of data contamination, while
partially adaptive estimators were shown to be only moderately effective. Of the partially
adaptive estimators considered, the GT partially adaptive estimator appears to be the most
effective in resisting data contamination.

Reweighted least squares and partially adaptive estimators then, both exhibit very
desirable characteristics. If the error terms are truly generated by some thick tailed or
skewed probability distribution, partially adaptive methods provided the best estimates. On
_the other hand, if the errors are truly normal, but the data is largely contaminated with
gross errors, RLS will provide the best estimates, especially if the gross errors appear as
leverage points.

In summary, when the error terms of a linear regression model deviate even slightly
from normal, least squares becomes inefficient and masks outlying observations. Of the
alternative estimation procedures considered in this paper, partially adaptive estimators
appear to provide the most efficient estimates, and even perform well when the errors are
extremely leptokurtotic or skewed. However, RLS was found to be considerably more
effective in resisting data contamination and performed well with GARCH errors.

APPENDIX A
Asymptotic Representation of the Reweighted Least Squares Estimator

In this Appendix we give conditions for Eq. (12) in the text.
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Theorem BI

If(yx), (i =1,..., n}, are ii.d., 4; and x; are independent, », has an even (symmetric
around zero) pdf f(x} is continuous and bounded, E{u;] and E[xx;] exist, var (x,) is
nonsingular, (@, f) = O,(n~'7), and )71)}70 >0, then for any 4 >0 and for i, =
¥, —a — x,;8, the estimator

(8, f) = arg min ; 1(’%' < d)(y,- — &~ xp)

satisfies
' 2dyo [ (dy0) ~1/3
ﬁ ﬁO 2F(d'}' ) (ﬂ 60) + Op(n )
Proof

Let O=(x, 7Y, X=(,x, and m(z, h=1(—dy < y—a—xf < dv)¥u
Note that {|m(z, 0))} < | X|||l«|. By an argument exactly like that of the second example
in Pakes and Pollard (1989), m(z, ) is Euclidean with envelope jlX||uf. Also,
E[X %] = E[|| X |*)E[#*] < co. Furthermore, by independence of u, and x, and by
continuity of the distribution if w;, for all «, 8, y we have Pr(ly, — o — x,f8] = dy) = 0.
Therefore, m(z;, (/) is continuous at each & probability one, so by the dominated
convergence theorem, El|lm(z, ) — miz, H)H ]— 0as # — 6. Then by Lemma 2.17 of
Pakes and Pollard and by = (&, ,8 7Y ——»90 (29, By, 70) it follows that for the true
distribution £, of z,, for m(#) = Y\ m(z;, 6)/n and

dy-+X ' (b—by)

—d XAty

() = Elm(z, 8)] = E[X j uf (1) du],

#(B) — in(By) — m(B) = a,(n™'1?),
where m(0y) = 0 by symmetry. Let b = (x, fi'Y. Note that /(—dy,) = f(d7,) by symmetry.

By the dominated convergence theorem and f(u) continuous and bounded, m{(}) is
continuously differentiable in a neighborhood of 8, with

(e )

n;(b()) = E[XX (dyo f(dyo)) — (—dyolf (—dyg)] = 2dy, f{dyy)Q,. O = E[XX]
om0

"é(y 0 — B (e f o)) — (—d)(~dyo)f (~dyo)}] = 0.

It follows by a mean-value expansion that

m(D) = 2dy, f(dy)0:(b — by) + 0,(n'").

Also, by similar arguments and Lemma 2.4 of Newey and McFadden (1994), it follows that

0= 10/l = 0 Lz = (Fidng) ~ F(-dyo)lQs = RFyg) ~ 110,
=1
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By var(x;} positive definite, we have Q, positive definite, so that Ois positive definite with
the probability approaching one. Also, the central limit theorem, #(8) = O,(n'/%). Then
by b= by + O,(n"'/*) we have

O (®) = O [(Oy) + MmO} + 0, (n~ )
= 07(0) + Oy ')y = 0" 2d3, fd1)Qu(b ~ by) 1 0,(n ')

ey -l 2dyo(dyy) r /3
= (0055 3 B = b+ o)

The conctusion then follows by the usual least squares algebra b= by + Q"ﬁi(é). |
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